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In this paper we prove in particular the meromorphic continua-
tion to the entire complex plane of the zeta function of a product
of a Hilbert modular surface and a Picard modular surface re-
garded over arbitrary CM-ﬁelds (see the end of the Introduction for
more results regarding the meromorphic continuation of the zeta
functions associated to products of Shimura curves, quaternionic
Shimura surfaces and Picard modular surfaces). In order to obtain
the meromorphic continuation we show the simultaneous potential
modularity for an arbitrary ﬁnite number of l-adic representations
associated to Hilbert modular forms and Picard modular surfaces.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let F be a quadratic real ﬁeld, and let G := ResF/Q GL2/F . Denote by SK := SG,K the Hilbert mod-
ular surface associated to some open compact subgroup K of G(A f ), where A f is the ﬁnite part of
the ring of adeles AQ of Q. Then SK is deﬁned over Q. Let SK := SG,K be the Picard modular surface
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124 C. Virdol / Journal of Number Theory 133 (2013) 123–130associated to some unitary similitude group G= GU(3) deﬁned relative to an imaginary quadratic ex-
tension E of a totally real number ﬁeld M , and to some open compact subgroup K of G(AM, f ), where
AM, f is the ﬁnite part of the ring of adeles AM of M . Then SK is deﬁned over E .
In this paper we prove in particular the meromorphic continuation to the entire complex plane of
the function L(s, SK/E ′ ×SK/E ′ ), where E ′ is an arbitrary ﬁnite CM-extension of E (see Theorem 8.1 for
details). In order to show the meromorphic continuation, in Theorem 6.1 we prove the simultaneous
potential modularity for an arbitrary ﬁnite number of l-adic representations associated to Hilbert
modular forms and Picard modular surfaces.
We remark that by using Theorem 6.1 one can prove also the meromorphic continuation of the
zeta function of a product of an arbitrary quaternionic Shimura surface and a Picard modular surface
when regarded over arbitrary ﬁnite CM-extensions of their ﬁelds of deﬁnition, or the meromorphic
continuation of the zeta function of a product of two arbitrary Picard modular surfaces when regarded
over arbitrary ﬁnite CM-extensions of their ﬁelds of deﬁnition, or the meromorphic continuation of
the zeta function of a product of two arbitrary quaternionic Shimura surfaces when regarded over
arbitrary ﬁnite CM-extensions or totally real extensions of their ﬁelds of deﬁnition, or the meromor-
phic continuation of the zeta function of a product of two arbitrary quaternionic Shimura curves and
a Picard modular surface when regarded over arbitrary ﬁnite CM-extensions or of their ﬁelds of def-
inition, or the meromorphic continuation of the zeta function of a product of 1, 2, 3, or 4 Shimura
curves when regarded over arbitrary ﬁnite CM-extensions or totally real extensions of their ﬁelds of
deﬁnition, etc.
The author wishes to thank Don Blasius for helpful correspondence.
2. Hilbert modular surfaces
Let F be a real quadratic ﬁeld and let G := ResF/Q GL2/F . For K suﬃciently small open compact
subgroup of G(A f ), let SK be the smooth toroidal compactiﬁcation of an open surface S0K which
satisﬁes
S0K (C) = G(Q) \ G(AQ)/K∞K ,
where K∞ = SO2(R)R× × SO2(R)R× ⊂ G(R). Then SK is a surface deﬁned over Q (see §1.1 of [HLR]),
and it is called a Hilbert modular surface.
3. Cohomology for Hilbert modular surfaces
Let K be a suﬃciently small open compact subgroup of G(A f ). Then we have a decomposition
Hiet(SK , Q¯l) = I Hiet( S¯ K , Q¯l) ⊕ Hi
(
S∞K , Q¯l
)
where I Hiet( S¯ K , Q¯l) is the intersection cohomology of the Baily–Borel compactiﬁcation S¯ K of S
0
K , and
S∞K is the divisor at inﬁnity (a ﬁnite set of cusps) such that S¯ K = S0K ∪ S∞K , and is deﬁned by
I Hiet( S¯ K , Q¯l) := Im
(
Hiet(SK , Q¯l) → Hiet
(
S0K , Q¯l
))
.
If l is a prime number, let HK be the Hecke algebra generated by the bi-K -invariant Q¯l-valued
compactly supported functions on G(A f ) under convolution. If π = π f ⊗ π∞ is an automorphic rep-
resentation of G(AQ), we denote by π Kf the space of K -invariants in π f . The Hecke algebra HK acts
on π Kf .
We have an action of the Hecke algebra HK and an action of the Galois group ΓQ := Gal(Q¯/Q) on
the intersection cohomology I Hiet( S¯ K , Q¯l) and these two actions commute. We say that the represen-
tation π is cohomological if H∗(G, K∞,π∞) 
= 0, where G is the Lie algebra of K∞ (the cohomology
is taken with respect to (G, K∞)-module associated to π∞).
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Proposition 3.1. The representation of ΓQ ×HK on the intersection cohomology IHiet( S¯ K , Q¯l) is isomorphic
to
⊕
π
ρ i(π) ⊗ π Kf ,
where ρ i(π) is a representation of the Galois group ΓQ . The above sum is over weight 2 cohomological auto-
morphic representations π of G(AQ), such that π Kf 
= 0, and the HK -representations π Kf are irreducible and
mutually inequivalent.
We know (see for example Proposition 1.5 of [RT]) that I Hiet( S¯ K , Q¯l) = {0} for i = 1,3. We have
two cases (see Proposition 1.5 of [RT], and Proposition 2.4 of [HLR]):
A) π is one-dimensional. Then dimρ i(π) = 1, for i = 0,4, and dimρ2(π) = 2, and ρ i(π) is a
direct sum of parallel weight i/2 Hecke characters.
B) π is cuspidal and inﬁnite-dimensional. Then dimρ i(π) = 0, for i = 0,4, and dimρ2(π) = 4. Let
ρπ : ΓF → GL2(Q¯l)
be the l-adic 2-dimensional representation of ΓF associated to π (see [T]). Then we know (see the
paragraph before Proposition 2.4 of [HLR] for example) that ρ2(π) is a subrepresentation of
Ind
ΓQ
ΓF
(
ρπ ⊗ ρτπ
)
,
which satisﬁes
ρ2(π)
∣∣
ΓF
= ρπ ⊗ ρτπ ,
where τ is the non-trivial automorphism of F over Q, and ρτπ is deﬁned by
ρτπ (γ ) = ρπ
(
τγ τ−1
)
.
We know (see for example Proposition 4.5.4 of [HLR]):
Proposition 3.2. If π is a cuspidal automorphic representation of weight k  2 of GL(2)/F , where F is a
totally real number ﬁeld, then one of the following two statements holds:
(i) ρπ |ΓL is irreducible for each ﬁnite extension L/F .
(ii) There exists a quadratic extension L/F and an algebraic Hecke character ψ of L such that ρπ ∼= IndFL (ψ).
The second case occurs if and only if π is CM.
4. Picard modular surfaces
Consider a totally real number ﬁeld M , a quadratic imaginary extension E of M , and a Hermitian
matrix Φ ∈ GL(V ) ∼= GL3(E) relative to E/M , i.e. tΦ = Φ¯ , where − denotes the complex conjugation
for E/M , and V = E3. Assume that Φ has signature (2,1) at precisely one inﬁnite place of M , and
signature (3,0) at the other inﬁnite places. Let G := GU(3) be the associated unitary similitudes group
over M . Then
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∣∣t g¯Φg = μ(g)Φ, for some μ(g) ∈ A×},
for all M-algebras A.
Set
B= G(R)/K∞Z∞,
where K∞ is the maximal compact subgroup of G(R) and Z∞ is the center of G(R). Then B is complex
analytically isomorphic to the unit ball in C2. For K a suﬃciently small open compact subgroup of
G(AM, f ), let SK be the smooth toroidal compactiﬁcation of an open surface S0K that satisﬁes
S0K(C) = G(M) \ B× G(AM, f )/K,
which is a disjoint union of arithmetic quotients of B. Then from §5 of [G] we know that SK is deﬁned
over E .
5. Cohomology for Picard modular surfaces
Let K be a suﬃciently small open compact subgroup of G(AM, f ). Then we have a decomposition
H jet(SK, Q¯l) = I H jet(S¯K, Q¯l) ⊕ H j
(
S∞K , Q¯l
)
where I H jet(S¯K, Q¯l) is the intersection cohomology of the Baily–Borel compactiﬁcation S¯K of S
0
K , and
S∞K is the divisor at inﬁnity (a ﬁnite set of cusps) such that S¯K = S0K ∪ S∞K , and is deﬁned by
I H jet(S¯K, Q¯l) := Im
(
H jet(SK, Q¯l) → H jet
(
S0K, Q¯l
))
.
If l is a prime number, let HK be the Hecke algebra generated by the bi-K-invariant Q¯l-valued
compactly supported functions on G(AM, f ) under convolution. If Π = Π f ⊗ Π∞ is an automorphic
representation of G(AM), we denote by ΠKf the space of K-invariants in Π f . The Hecke algebra HK
acts on ΠKf .
We have an action of the Hecke algebra HK and an action of the Galois group ΓE on the inter-
section cohomology I H jet(S¯K, Q¯l) and these two actions commute. An automorphic representation Π
of G(AM) is called cohomological if H∗(G(R),K′∞,Π∞) 
= 0, where K′∞ is the centralizer of the center
of K∞ in G(R).
We know the following result (see for example §4.3 of [RO]):
Proposition 5.1. The representation of ΓE ×HK on the intersection cohomology IH jet(S¯K, Q¯l) is isomorphic to
⊕
Π
φ j(Π f ) ⊗ ΠKf ,
where φ j(Π f ) is an l-adic representation of the Galois group ΓE . The above sum is over cohomological au-
tomorphic representation Π = Π f ⊗ Π∞ of G(AM) that occurs in the discrete spectrum of G(AM) and the
HK-representations ΠKf are irreducible and mutually inequivalent.
The irreducible automorphic representations Π that appear in Proposition 5.1 are one-dimensional
or cuspidal and inﬁnite-dimensional, and dimφ2(Π f )  3, and if j 
= 2 then dimφ j(Π f )  1
(see [RO, pp. 90–92] for details). The representation Π is cohomological if and only if Π∞ ∈
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morphic, non-holomorphic and anti-holomorphic discrete series representations of G(R) with trivial
central character. We remark that φ j(Π f ) depends only on Π f , and there may exists more then one
Π∞ such that Π f ⊗ Π∞ is cuspidal.
We know (see Theorem 2.2.1 of [BR]):
Proposition 5.2. If Π is as above, then one of the following two statements holds:
(i) φ2(Π f )|ΓE1 is irreducible for each ﬁnite extension E1/E.
(ii) There exists an extension E1/E and an algebraic Hecke character ψ of E1 such that φ2(Π f ) ∼= IndΓEΓE1 ψ .
The second case occurs if and only if Π is AI (automorphically induced).
The representation φ j(Π f ) that appears in Proposition 5.1, is totally odd i.e. detφ j(Π f )(c) = −1
for all complex conjugations c, is unramiﬁed outside some ﬁnite set of primes S which depends on K ,
is de Rham at l, and is crystalline at l if l /∈ S , and the τ -Hodge–Tate weights of φ j(Π f ) for τ : E → Q¯l
are distinct and are in the interval [0,2] (see [RO, pp. 90–92] for details). The reduction of φ j(Π f )
at l (or better said the semisimpliﬁcation of φ j(Π f ) mod some prime λ|l of the ring of coeﬃcients
of φ j(Π f ); in order to simplify the notations we keep this terminology throughout this paper) is
denoted by φ¯ j(Π f ).
6. Simultaneous potential modularity
Let F be a totally real number ﬁeld and J F be the set of inﬁnite places of F . If π is a cuspidal
automorphic representation of GL(2)/F which is discrete series at inﬁnity of weight k = (kτ )τ∈ J F ,
where all kτ have the same parity and kτ  2, then there exists (Theorem 2 of [T]) a totally odd
λ-adic representation
ρπ := ρπ,λ : ΓF → GL2(Rλ) ↪→ GL2(Q¯l),
which is unramiﬁed outside the primes dividing Nl and satisﬁes L(s,ρπ,λ) = L(s,π) (the equality
is up to ﬁnitely many Euler factors; by ﬁxing a speciﬁc isomorphism ιl : Q¯l ∼−→ C one can regard
ρπ,λ as complex valued). Here R is the coeﬃcients ﬁeld of π , λ is a prime ideal of R above some
prime number l, N is the level of π , and totally odd means that detρπ (c) = −1 for all complex
conjugations c. Moreover, each representation ρπ,λ is crystalline at any place v  N of F which divides
the residue characteristic of λ, and for each embedding τ : F ↪→ Q¯l the τ -Hodge–Tate weights of ρπ,λ
are mτ and k0 −mτ − 1, where k0 := max{kτ |τ ∈ J F }, and mτ := (k0 −kτ )/2. The reduction of ρπ at l
is denoted by ρ¯π .
In this paper we say that a representation
ρ : ΓF → GLn(Q¯l),
where F a number ﬁeld, is modular (or automorphic) if there exists an automorphic representation
π of GL(n)/F , admitting a Galois representation, such that ρ ∼ ρπ .
We now show the following result:
Theorem 6.1. For s = 1, . . . , r, let Fs be a totally real number ﬁeld, and let πs be a cuspidal automorphic
representation which is discrete series at inﬁnity of weight ks  2 of GL(2)/Fs. For t = 1, . . . ,u, let Mt be a
totally real number ﬁeld and Et be a quadratic CM-extension of Mt , and let Πt be a cuspidal automorphic
representation corresponding to a Picard modular surface associated to a Hermitian matrix Φt ∈ GL3(E) rel-
ative to Et/Mt as in Proposition 5.1 above. Let E ′ be a CM number ﬁeld which contains Fs for s = 1, . . . , r,
and Et for t = 1, . . . ,u. Let E ′ (avoid)/E ′ be a ﬁnite extension. Then one can ﬁnd a ﬁnite CM-extension E ′′/E ′
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representation ρπs |ΓE′′ , for s = 1, . . . , r, is modular, and the representation φ2(Πt f )|ΓE′′ , for t = 1, . . . ,u, is
modular.
Proof. (We remark that because we work with compatible systems of representations, Theorem 6.1 is
true for one suﬃciently large l if and only if it is true for all l.) If πs is a CM-form, or Πt is AI, then
it is well known that ρπs |ΓE′′ or φ2(Πt f )|ΓE′′ is modular for any ﬁnite extension E ′′ of Fs or Et (see
Propositions 3.2 and 5.2 above). Hence it is suﬃcient to prove Theorem 6.1 when each πs is non-CM
and each Πt is non-AI. We assume this fact from now on.
We know the following result (this is a particular case of Theorem 4.5.1 of [BGGT]; see also the re-
mark after Theorem 4.5.1 of [BGGT], and Lemma 1.4.3 of [BGGT]; see §2.1 of [BGGT] for the deﬁnition
of essentially conjugate self-dual representations):
Theorem 6.2. Suppose that:
(a) Let E ′ be a Galois CM number ﬁeld.
(b) Let l 7 be a rational prime which is unramiﬁed in E ′ and ζl /∈ E ′ .
(c) For each s = 1, . . . , r, let ρs : ΓE ′ → GL2(Q¯l) be a totally odd continuous essentially conjugate self-dual
representation.
(d) For each t = 1, . . . ,u, let φt : ΓE ′ → GLdt (Q¯l) be a totally odd continuous essentially conjugate self-dual
representation, where dt  3.
(e) Let E ′ (avoid)/E ′ be a ﬁnite extension.
For every s = 1, . . . , r, suppose also that:
(1) ρs is unramiﬁed at all but ﬁnitely many primes.
(2) ks = (ksτ )τ∈ J E′ , where all ksτ have the same parity and ksτ  2, and l > ks0 , where ks0 := max{ksτ |
τ ∈ J E ′ }.
(3) ρs is crystalline at all places v|l, and for each embedding τ : E ′ ↪→ Q¯l the τ -Hodge–Tate weights of ρs are
(ks0 − ksτ )/2 and (ks0 + ksτ )/2− 1.
(4) ρ¯s|ΓE′(ζl ) is irreducible.
For every t = 1, . . . ,u, suppose also that:
(5) φt is unramiﬁed at all but ﬁnitely many primes.
(6) φt is crystalline at all places v|l, and for each embedding τ : E ′ ↪→ Q¯l the τ -Hodge–Tate weights of φt are
distinct and belong the interval [0,2].
(7) φ¯t |ΓE′(ζl ) is irreducible.
Then one can ﬁnd a ﬁnite CM-extension E ′′/E ′ which is linearly disjoint from E ′ (avoid)/E ′ , such that E ′′
is Galois over Q, and for each s = 1, . . . , r, a cuspidal automorphic representation π ′′s of GL2(AE ′′ ) such
that ρs|ΓE′′ ∼= ρπ ′′s , and for each t = 1, . . . ,u, a cuspidal automorphic representation Π ′′t of GLdt (AE ′′ ) such
that φt |ΓE′′ ∼= ρΠ ′′t .
We want to apply Theorem 6.2 to some rational prime l  7 and to ρs := ρπs |ΓE′ for s = 1, . . . , r,
and to φt := φ2(Πt f )|ΓE′ for t = 1, . . . ,u (one can assume that the CM-ﬁeld E ′ from Theorem 6.1 is
Galois by replacing it by its Galois closure E ′ gal; and we assume this fact from now on). We choose a
rational prime l unramiﬁed in E ′ which is relatively prime to Ns , for s = 1, . . . , r, where Ns is the level
of πs , and such that l > ks0 for each s = 1, . . . , r. Then from above we know that ρs for s = 1, . . . , r,
satisﬁes the conditions (c), (1), (2) and (3) of Theorem 6.2. Also from Section 5 we know that for l
suﬃciently large the conditions (5) and (6) are satisﬁed. The conditions (a) and (b) are also satisﬁed
from our choices made above.
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s = 1, . . . , r, or φt for t = 1, . . . ,u. Then from our assumptions and from Propositions 3.2 and 5.2 above
we get that ϕl is irreducible and from Proposition 5.2.2 of [BGGT] we know the following result:
Lemma 6.3. There exists a set of rational primes L of Dirichlet density 1 such that ϕ¯l|ΓE′ (ζl) is irreducible
for l ∈L.
Hence from Lemma 6.3 we get that there exists a set of rational primes L of Dirichlet density 1
such that all representations ρ¯s|ΓE′ (ζl) for s = 1, . . . , r, and φ¯t |ΓE′ (ζl) for t = 1, . . . ,u, are irreducible for
l ∈L. Thus we can choose l suﬃciently large such that the conditions (4) and (7) of Theorem 6.2 are
satisﬁed. Thus all the conditions of Theorem 6.2 are satisﬁed for a suitable suﬃciently large l, and we
conclude the proof of Theorem 6.1. 
7. L-functions
Let SK be the Hilbert modular surface associated to some suﬃciently small open compact sub-
group K of G(A f ), and SK be the Picard modular surface associated to some suﬃciently small open
compact subgroup K of G(AM, f ). Recall that SK is deﬁned over Q and SK is deﬁned over E . Let E ′ be
a ﬁnite extension of E . Then the L-function of SK/E ′ × SK/E ′ is deﬁned by the following formula
L(s, SK/E ′ × SK/E ′) :=
8∏
r=0
∏
i+ j=r
∏
π
∏
Π
L
(
s,ρ i(π)
∣∣
ΓE′
⊗ φ j(Π f )
∣∣
ΓE′
)(−1)r dimπ Kf dimΠKf ,
where π and Π are as in Propositions 3.1 and 5.1 and
L
(
s,ρ i(π)
∣∣
ΓE′
⊗ φ j(Π f )
∣∣
ΓE′
)
:=
∏
v
det
(
1− Nv−sιl
(
ρ i(π) ⊗ φ j(Π f )
)
(Frobv)
∣∣(V i(π) ⊗ V j(Π f )
)I v )
,
where v runs over the ﬁnite places of E ′ , I v is an inertia group at v , Frobv is an arithmetic Frobenius
at v , ιl : Q¯l ∼−→C is an isomorphism, and V i(π) and V j(Π f ) are l-adic spaces corresponding to ρ i(π)
and φ j(Π f ).
8. Meromorphic continuation
In this section we prove the following result:
Theorem 8.1. Let E ′ be a ﬁnite CM-extension of E. Then L(s, SK/E ′ × SK/E ′ ) has a meromorphic continuation
to the entire complex plane.
Proof. From Section 7 we get that in order to prove the meromorphic continuation of L(s, SK/E ′ ×
SK/E ′ ) it is suﬃcient to prove the meromorphic continuation of each L(s,ρ i(π)|ΓE′ ⊗ φ j(Π f )|ΓE′ ), for
any rational prime l, where i and j are non-negative integers satisfying i + j  8, and π and Π are
as in Propositions 3.1 and 5.1. So let’s ﬁx some π and Π , and some non-negative integers i and j
satisfying i + j  8.
Because E ′ is a CM-ﬁeld, from Theorem 6.1 we get (in particular) that there exists a Galois ﬁ-
nite CM-extension E ′′ of E ′ , such that ρπ |ΓE′′ ∼= ρπ ′′ , where π ′′ is an automorphic representation of
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j 
= 2 this result is trivial because from Sections 3 and 5 we have that dimφ j(Π f )  1). From The-
orem 15.10 of [CR], we know that one can ﬁnd some subﬁelds Ev ⊂ E ′′ such that Gal(E ′′/Ev) are
solvable, and some integers nv , such that the trivial representation
1E ′ : Gal
(
E ′′/E ′
)→ Q¯×,
can be written as 1E ′ =∑wv=1 nv IndΓE′ΓEv 1Ev (a virtual sum). Then
L
(
s,ρ i(π)
∣∣
ΓE′
⊗ φ j(Π f )
∣∣
ΓE′
)=
w∏
v=1
L
(
s,ρ i(π)
∣∣
ΓE′
⊗ φ j(Π f )
∣∣
ΓE′
⊗ IndΓE′ΓEv 1Ev
)nv
=
w∏
v=1
L
(
s, Ind
ΓE′
ΓEv
(
ρ i(π)
∣∣
ΓEv
⊗ φ j(Π f )
∣∣
ΓEv
))nv
=
w∏
v=1
L
(
s,ρ i(π)
∣∣
ΓEv
⊗ φ j(Π f )
∣∣
ΓEv
)nv
.
Because ρπ |ΓE′′ is automorphic, we know that ρ2(π)|ΓE′′ is automorphic (see [R]). Since ρ i(π)|ΓE′′
and φ j(Π f )|ΓE′′ are automorphic and Gal(E ′′/Ev) is solvable, one can deduce easily, using the solv-
able base change for automorphic representations of GL(n) from Lemma 11.6 of [L] and also [AC],
that ρ i(π)|ΓEv and φ j(Π f )|ΓEv are automorphic (in the one-dimensional, CM or AI case one does
not need the fact that Gal(E ′′/Ev ) is solvable because the base change for one-dimensional, CM or AI
automorphic representations is arbitrary, and in non-CM or non-AI case one has to use the irreducibil-
ity of ρπ |ΓE′′ or φ j(Π f )|ΓE′′ from Propositions 3.2 and 5.2; see the end of §4 of [V] for the details
in the Hilbert modular case). Hence the function L(s,ρ i(π)|ΓE′ ⊗ φ j(Π f )|ΓE′ ) has a meromorphic
continuation to the entire complex plane because each L(s,ρ i(π)|ΓEv ⊗ φ j(Π f )|ΓEv ) has a meromor-
phic continuation to the entire complex plane (see the main result of [JPSS]). Thus Theorem 8.1 is
proved. 
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